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Abstract 

In this Letter we study the effects of the Modified Uncertainty Principle as proposed in on the 
inflationary dynamics of the early universe in both standard and Randall-Sundrum type II scenarios. 
We find that the quantum gravitational effect increase the amplitude of density fluctuation, which is 
oscillatory in nature, with an increase in the tensor-to-scalar ratio. 
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The idea that the uncertainty principle could be affected by gravity was first given by Mead [T]. Later 
modified commutation relations between position and momenta commonly known as Generalized Uncertainty 
Principle ( or GUP ) were given by candidate theories of quantum gravity ( String Theory, Doubly Special 
Relativity ( or DSR ) Theory and Black Hole Physics ) with the prediction of a minimum measurable length 
[3J 131 [S] . Similar kind of commutation relation can also be found in the context of Polymer Quantization 
in terms of Polymer Mass Scale [6l. Recently authors in [7^ claimed the existence of minimal space and 
four- volumes but not minimal length. 

The authors in [8 proposed a Modified Uncertainty Principle (from now we denote this as MUP to 
distinguish it from the Generalised Uncertainty Principle introduced in 3 ) which is consistent with DSR 
theory, String theory and Black Hole Physics and which says 
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where / = ^ 



Here Ipi is the Plank length (w 10^ m). It is normally assumed that the dimensionless 
parameter /q is of the order unity. If this is the case then the / dependent terms are only important at or 
near the Plank regime. But here we expect the existence of a new intermediate physical length scale of the 
order of /ft = /o/p/. We also note that this unobserved length scale cannot exceed the electroweak length 
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scale [8] which implies lo < 10^''. These equations are approximately covariant under DSR transformations 
but not Lorentz covariant [5]. These equations also imply 

Ax> (Ax),„,„«/oV (4) 

and 

AP < (Ap)„,, « ^ (5) 

where Mpi is the Plank mass and c is the velocity of light in vacuum. It can be shown that equation 1^ is 
satisfied by the following definitions Xi = Xoi and pi — poi{l ~ I Po + "2 Po) ^ where Xoi, Poj satisfies [xoi,Poj] ~ 
ihSij. Here we can interpret poi as the momentum at low energies having the standard representation in 
position space {poi — "^^57—) with p^ = J2i=iPoiPoi and pi as the momentum at high energies. The effect 
of this proposed MUP is well studied recently for some well known physical systems in ^ [10] . 

The authors in [3] derived a generalized uncertainty principle and studied the quantum-mechanical struc- 
ture of the principle which describes the minimal length as a minimal uncertainty in position measurements. 
With a plausible type of ultra-violet cut off [4] we can continuously generate co-moving modes during in- 
flation. Later [151 1131 [E] studied different aspects of inflation using the GUP. Recently the authors in [10] 
examined the effects of the MUP in the scenario of post inflation preheating and showed that there can 
either be an increase or a decrease in parametric resonance and a corresponding change in particle pro- 
duction. Guided by these ideas in this short Letter we examine the effects of the MUP on the slow-roll 
inflation parameters in standard and Randall-Sundrum type II scenarios. Here we are going to compute 
the fluctuation spectrum with our MUP and compare the result with the spectrum calculated earlier in the 
Heisenberg setup and the GUP. 

The slow-roll parameters for inflation are given by |12| 
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M| V" 
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where V{(f)) is the potential responsible for inflation and M4 is the four-dimensional fundamental scale. For 
new inflation or slow-roll inflation we require 

« (8) 

and 

3H^c^-V'iq^) . (9) 

If we consider an inflating background with the metric ds^ = dt^ — a (i)^ dx^ and the scale factor a (t) ~ e^* 
then the scalar field equation (or the Klein-Gordon equation) in this background is given by 

4> + 3H^-V^(j) = . (10) 

With 7/ = — ^ as the conformal time and redefining the field as iJ — acj) we get 

l^k+{k'-^y,^0 (11) 

in Fourier space. Here k = ap and p is the physical momentum which is red-shifting with the expansion. In 
terms of the time dependent oscillators we can write 

A^fe iv) = Ofc (77) -I- aL^ (77) (12) 



The oscillators can be expressed in terms of their values at some fixed time 770 , 

akiv) = Mfc (?7) flfe (770) + «fe (??) alfe ('?o) (14) 
alkiv) = < WaLfc (?7o) (77)afe (770) • (15) 
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Plugging this back into the earlier set of equations we get 

f^k {11) = fk iv) ak ivo) + fk iv) a-k ivo) 
TTfc (jy) = 9k iv) ak ivo) - 5fc ('?) alfe ivo) 

where 



fkiv) 



K {v) + vt iv)) 



9k iv) = \J ^ (uk iv) - vlirj)) 
and fk (r]) is a solution of (fTT|) . Following [14] one can choose the vacuum to be 

Ofc ivo) |0, = . 



(16) 
(17) 

(18) 
(19) 

(20) 



such that Vkirja) = 0. It can also be shown that this vacuum is a zeroth-order adiabatic vacuum with a 
conjugate momenta given by 

TTfc ('7o) = "ik^ik ivo) ■ (21) 

If we now consider the standard treatment of fluctuation in inflation we can calculate the fluctuation spectrum 
as [H] 
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2krio+i ■ With p = A where A is the Plank scale considered here we get 
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Assumption oi ^ 1 gives [2] 
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It is interesting to note 770 depends on k. Here the initial condition is not imposed in the infinite past but 
at the time when a particular mode is of the order of Plank scale. When H is slowly varying, the spectrum 
is not scale invariant and there will be a modulation of Vrp through the dependence of H on the particular 
mode. 

Now we can study the effect of MUP in the context of inflation. At first let us concentrate on the Hubble 
parameter. Using equation ^ we can modify the co-moving momentum k to k[l — (3k + 2/3^fc^]. Here we 
have made a change in notation for equation ([2]) and have used (5 = 1. This modification is also studied 
in [U [ini dn] where the inflation scenario is investigated by the GUP as introduced in [3] . At the horizon 
crossing epoch we have [TTJ [T^] 

. (25) 



dk 



With our MUP we can easily find 
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The subscript M is for MUP. Following equation (|24|) we calculate the fluctuation spectrum as 
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In Figure[T] we have shown the dependence of k on the fluctuation for fixed values of /3 and ey. [Ha)] is for 
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Figure 1: (a) Small k dependence of the fluctuations with A = 100, /3 = .55 and = .1. (b) Large k dependence of the 
fluctuations with A = 100, /3 = .55 and ty = •!■ R^d indicates the plot in Heisenberg setup, blue for the GUP |19| and green 
for our MUP. A suitable scaling is used to enlarge the flgure. 

the small values of k and [lib)] for the large values of k. We can see that there is an oscillatory behaviour in 
the k dependence of the fluctuations. We can also see that the results found in [19] with the GUP [3 shows 
great deviation from the Heisenberg setup and the fluctuations decay rapidly for large values of k. But in 
our case the deviation is much small and attains a constant value (independent of k) at large k values. We 
expect that this behaviour may be observed in the CMB spectrum as a footprint of the strong effects of 
gravity in the early universe. 

Here we have considered the field as a gravitational mode so is actually the density fiuctuation. For 

the scalar field a factor of ^-^^ should be taken into account [12]. So the tensor-to-scalar ratio {Rts) is 
given by 



Rts 
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where the subscript M is for the MUP and 4>m and Hm respect the conditions i(/)M ^ V{4)) and iHM4>M — 
~V'{<p). Here Hm is given by (|26|) . In Figure [2] we have shown the dependence of the tensor-to-scalar ratio 
on the infiation parameter ey for a particular value of k. We can see that the ratio increases if we take into 
account the quantum effects of gravity. The departures for GUP and MUP with respect to the standard 
setup is also seen in the plot. 

We now move on to study the effect of the MUP on the Randall-Sundrum type II infiationary scenario. 
Recently substantial amount of progress has been made in the field of brane- world cosmology. The Randall- 
Sundrum type II scenario |13j has been studied much in detail where a single positive-tension brane is 
embedded in a five-dimensional space-time (termed as bulk) with a negative cosmological constant. This 
model has a non-trivial geometry in the bulk and it successfully gives four-dimensional general relativity 
in the low energy limit. For inflation one generally considers the dynamics of a scalar field on the five- 
dimensional bulk. The projection of the bulk inflaton on the brane behaves like an ordinary inflation in low 
energy regime. For a slowly varying potential of a scalar field there arises an effective non-zero cosmological 
constant on the brane and the brane may undergo inflation solely due to the dynamics in the bulk [THl Ej . 

For the randall-Sundrum type II model the Friedmann equation can be written as [TH] 



3Mi 



(29) 



where A is the tension of the brane. While writing this equation we have neglected two terms in the right 
side. One with the cosmological constant and the other term often called as the dark radiation. The term 
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Figure 2: Plot of tensor-to-scalar ratio with the slow roll parameter ey- Red indicates the plot in Heisenberg setup, blue for 
the GUP 1191 and green for our MUP. Here we have taken y/WnV = 3M4, /3 = .55 and k = 1. A suitable scaling is used to 
enlarge the figure. 



comprising of the dark radiation originated as an integration constant from the projection of the bulk Weyl 
tensor transmitting bulk graviton influence onto the brane and it is assumed that it vanishes during inflation. 
A scalar field is the only matter here whose dynamics is considered, so the energy density p is given by 



where V{4)) is the inflation potential. In this model we can define two slow-roll parameters [16] 
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The scalar density perturbation in this model is given by [12 

V. 



s {without MUP) 
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(30) 

(31) 
(32) 

(33) 



We now investigate the effect of MUP on the simplest chaotic inflation model driven by a scalar fleld with 
potential V = ^m^tjp . With this form of the potential the slow- roll parameter ey can be written as 
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As a consequence of the MUP the scalar density perturbation Vs{withoutMUP) gets modifled and it can now 
be written as 
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In Figure [3] we have shown the fc dependence of the scalar density perturbation. We can clearly see a 
distinct difference between the effect of the GUP and the MUP. In the MUP unlike the GUP we have a term 



in the commutation relation which is linear in Plank length (equation ©) as /? = Z = MeI Only due to 
this term we can see that Vs grabs a constant value (which is higher than the standard setup) and becomes 
independent of fc for large values of fc. But as an effect of the GUP [12] we have seen that Vs reduces and 
the value deviates much more for higher values of fc. 

So in this Letter we have studied the effects of the Modifled Uncertainty Principle as proposed in [8] on 
the inflationary dynamics of the early universe in both standard and Randall-Sundrum type II scenarios. 
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Figure 3: k dependence of the scalar density fluctuation in the brane-world scenario. Red indicates the plot in Heisenberg 
setup, blue for the GUP |19| and green for our MUP. Here we have taken M4 = 1, m = .1, </> = 4, A = .1 and /3 = .55. A 
suitable scaling is used to enlarge the figure. 

In the first place we have noticed that the Hubble parameter gets modified under the incorporation of the 
strong quantum effect of gravity. Later we studied the k dependence of density fluctuation and found an 
oscillatory behaviour for small values of k. For large values of k the density fluctuation approximately attains 
a constant value (nearly independent of k) which is slightly higher compared to the standard Heisenberg 
setup. But here we see a distinct difference if we compare our result with those found as an effect of the 
Generalized Uncertainty Principle as proposed in j3]. There we see the amplitude of density fluctuation is 
reduced by the incorporation of the GUP. But still we can argue that any deviation from the standard result 
contains a footprint of the quantum effect of gravity and a manifestation of these effects may be traced in the 
GMB spectrum. We also found that the tensor-to-scalar ratio increases by the incorporation of our Modified 
Uncertainty Principle. Later we studied the same for the Randall-Sundrum type H scenario and we found 
that the scalar density perturbation also gets modified. Here also we found that for large values of k the 
scalar density fluctuation approximately attains a constant value (nearly independent of k) which is slightly 
higher compared to the standard Heisenberg setup. Finally we may conclude that the strong quantum effects 
of gravity (which may be incorporated through the Modified Uncertainty Principle) may exactly explain the 
observed spectrum of the Cosmic Microwave Background Radiation which in turn is an indirect test of the 
proposal itself. 
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